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1 Introduction

Quantum �eld theory (QFT) as a mathematically rigorous and
consistent theory was formulated in the framework of the axiomatic
approach in the works of Wightman, Jost, Bogoliubov, Haag and
others.
Within the framework of this theory on the basis of most general

principles such as Poincar�e invariance, local commutativity and
spectrality, a number of fundamental physical results, for example,
the CPT-theorem and the spin-statistics theorem were proven.
Noncommutative quantum �eld theory (NC QFT) being one of

the generalizations of standard QFT has been intensively developed
during the past years. The idea of such a generalization of QFT
ascends to Heisenberg and it was initially developed in Snyder's
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work. The present development in this direction is connected with
the construction of noncommutative geometry and new physical
arguments in favour of such a generalization of QFT. Essential
interest in NC QFT is also due the fact that in some cases it
is a low-energy limit of string theory. The simplest and at the
same time most studied version of noncommutative �eld theory
is based on the following Heisenberg-like commutation relations
between coordinates:

[x̂µ, x̂ν] = i θµν, (1)

where θµν is a constant antisymmetric matrix.
It is known that the construction of NC QFT in a general case

(θ0i 6= 0) meets serious di�culties with unitarity and causality.
For this reason the version with θ0i = 0 (space-space noncommuta-
tivity), in which there do not appear such di�culties and which
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is a low-energy limit of the string theory, draws special attention.
Then always there is a system of coordinates, in which only θ12 =
−θ21 6= 0. Thus, when θ0i = 0, without loss of generality it
is possible to choose coordinates x0 and x3 as commutative and
coordinates x1 and x2 as noncommutative.
Translational invariance is still valid.
Wightman functions in the noncommutative case can be written

down in the standard form

W (x1, . . . , xn) = 〈Ψ0, ϕ(x1) . . . ϕ(xn) Ψ0 〉, (2)

where Ψ0 is the vacuum state. However, unlike the commutative
case, these Wightman functions are only SO (1, 1) invariant.
It is essential only that from the appropriate spectral condition,

the analyticity of Wightman functions with respect to the commutative
variables x0 and x3 follows in tubes, while x1 and x2 remain real.
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Note that actually there is no �eld operator de�ned in a point.
Only the smoothed operators written symbolically as

ϕf ≡
∫

ϕ (x) f (x) d x, (3)

where f (x) are test functions, can be rigorously de�ned.
In QFT the standard assumption is that all f (x) are test functions

of tempered distributions. In space-space NC QFT corresponding
functions are tempered distributions in respect with commutative
variables.
In the present report we prove cluster properties of Wightmann

functions in space-space NC QFT without local commutativity
condition.
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2 Cluster properties and their consequences

It is known that in commutative theoryWightman functions satisfy
the following cluster properties:

W (x1, . . . xk, xk+1 + λa, . . . xn + λa)→

W (x1, . . . xk)W (xk+1, . . . xn), (4)

if λ → ∞ and a2 = −1. We show how the proof of cluster
properties, given in the book of Strocchi, can be extended to space-
space NC QFT.
First let us point out that in commutative case translation vector

can be arbitrary, but in noncommutative case this vector has to
belong to commutative plane. Surely in commutative case we also
can chose translation vector in this plane. If we do this the proof

6



in NC QFT practically coincides with the corresponding proof in
usual QFT.
The reason that the proof in space-space NC QFT is similar to
the proof in commutative case is that the only di�erence between
these two cases is that in space-space NC QFT we deal with two
dimensional vectors (x0, x3).
Let us recall that integral of usual function with in�nitely oscilla-

ting function goes to zero. But at real variables we deal not with
usual functions, but with distributions. So we have to prolong
Wightman functions in tubes, where they are usual functions.
Then we have to notice that if λ → ∞ then we can use the
previous result. So cluster properties of Wightman functions have
been proved in tubes. In order to make last step it is su�cient to
take into account that from tubes we always come to real variables
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if corresponding imaginary part of variables go to zero. So cluster
properties have been proved in space- space NC QFT.
This result leads to the proof that cluster properties in respect

with only commutative coordinates lead to uniqueness of vacuum
state just as cluster properties in respect with all coordinates in
commutative case.

3 Conclusion

Cluster properties in space-space NC QFT have been proved.
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