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1. Introduction

There are two well-known types of photon waves: plane waves and
spherical waves.

The plane wave is the stationary state with a de�ned energy ω,
momentum k and helicity Λ. Realization → laser �ashes.

The spherical wave is the stationary state with a de�ned energy ω,
total angular momentum J, projection of the total angular momentum
Jz = m and parity P . Realization → atomic or nuclear transitions.

(here and below ~ = 1 and c = 1)
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What is not so well-known is the fact that there are also cylindrical
waves also known as Bessel waves.

The Bessel wave is the stationary state with a de�ned energy
ω, longitudinal momentum kz, projection of the total angular
momentum Jz = m and helicity Λ.

Certainly, such state should have non-zero ORBITAL ANGULAR
MOMENTUM (OAM).

Usually, these states of photons are called

�TWISTED PHOTONS�.
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An interesting research direction in modern optics (last twenty
years) is closely related to the experiments with such twisted
photons.

An experimental realization exists for states with projections as large
as m = 200

J. E. Curtis, B. A. Koss, and D. G. Gries, Opt. Commun. 207, 169 (2002).

The wavefront of such states rotates around the propagation axis,
and their Poynting vector looks like a corkscrew:
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Such photons can be created, for example, from usual laser beams
using spiral phase plate:
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or a numerically computed hologram:
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Äî íåäàâíåãî âðåìåíè â çîîëîãè÷åñêîì ñàäó ëàçåðíîé ôèçèêè çà-
êðó÷åííûå ôîòîíû ïðåäñòàâëÿëè ñîáîé äîñòàòî÷íî ðåäêîñòíûé
ýêçåìïëÿð. Âñå ýêñïåðèìåíòû îãðàíè÷èâàëèñü îáëàñòüþ ýíåðãèé
âèäèìîãî ñâåòà ∼ 1 ýÂ.

Ïîëîæåíèå äåë èçìåíÿåòñÿ ïðÿìî íà ãëàçàõ.

Very recently there was an experiment performed by
J. Bahrdt, K. Holldack, P. Kuske, R. M�uller, M. Scheer, P. Schmid
Phys. Rev. Lett. 111 (2013) 034801
in which the twisted light with the energy of 99 eV had been
produced by utilizing a helical undulator at the synchrotron light
source BESSY II.

10



À â ÈßÔ èì. Áóäêåðà (Íîâîñèáèðñê) â íàñòîÿùåå âðåìÿ ïðî-
âîäèòñÿ ýêñïåðèìåíò ñ çàêðó÷åííûìè ôîòîíàìè â òåðàãåðöîâîé
îáëàñòè (äëèíà âîëíû 140 ìêì), èñïîëüçóÿ ëàçåð íà ñâîáîä-
íûõ ýëåêòðîíàõ.

In SLAC there was demonstrated that light with OAM can be generated
from a relativistic e-beam rearranged into an optical scale helix
by a laser. Results pave the way for the production of coherent
OAM light with unprecedented brightness down to hard X-ray
wavelengths:

E.Hemsing, A. Knyazik, M. Dunning et al.
Nuture Physics 9 (2013) 549



In the papers [1�3] we have shown that it is possible to convert
twisted photons from an energy range of about 1 eV to a higher
energies of up to several GeV using Compton backscattering o�
ultra-relativistic electrons.

In principle, Compton backscattering is an established method for
the creation of high-energy photons and is used successfully in various
application areas. For example, in Novosibirsk Budker INP on the
ROKK-2M device with the electron energy 5 GeV, �nal backscattered
photons with the energy up to 0.5 GeV were produced for the
study of photo-nuclear reactions and for NQED experiments including
of the photon splitting and the Delbr�uck scattering.

However, the central question is how to treat Compton backscat-
tering of twisted photons whose �eld con�guration is
signi�cantly di�erent from plane waves.
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Moreover, recently several groups have reported successful creation
of twisted electrons, �rst using phase plates

M. Uchida and A. Tonomura, Nature 464, 737 (2010)

and then with computer-generated holograms

J. Verbeeck, H. Tian, P. Schlattschneider, Nature 467, 301 (2010); B. J. McMorran
et al, Science 331, 192 (2011)

Such electrons carried the energy as high as 300 keV and the
orbital quantum number up to m = 75.
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Such vortex beams can be manipulated and focused just as the usual
electron beams, and very recently remarkable focusing of a vortex
electron beam to the focal spot of

less than 1.2 · 10−8 cm = 0.12 nm in diameter

was achieved � see the paper:

�Atomic scale electron vortices for nanoresearch�

Verbeeck, Schattschneider, Lazar, St�oger-Pollach, L�o�er, Steiger-Thirsfeld,
Van Tendeloo, Appl. Phys. Lett. 99, 203109 (2011)
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It is very conceivable that when these electrons are injected into a
linear electron accelerator, their energy can be boosted into the
multi-MeV and even GeV region. It means that twisted electrons
can be used for experiments on deep inelastic scattering probing the
inner structure of proton with an additional degree of freedom.

Just now such type of experiment with the electron energy
up to 50 MeV is discussed in the Je�erson Lab (USA) � see
report �Twisted Electrons at JLab� by D. Dutta at Mini-Workshop
on twisted particles (George Washington University, Washington DC,
August 2014).

15



2. Twisted particles

The usual plane-wave state of a scalar particle with mass equals to
zero has a de�ned 3-momentum k, energy ω = |k|, and its wave
function reads

Ψk(t, r) = e−i(ω t−kr) . (1)
A twisted scalar particle has the following quantum numbers:
longitudinal momentum kz,
absolute value of the transverse momentum κ,
energy ω = |k| =

√
κ2 + k2

z
and projection m of the orbital angular momentum onto the z axis:

∂µ∂µ Ψκmkz(t, r) = 0 , (2)
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p̌z Ψκmkz = kz Ψκmkz , p̌z = −i
∂

∂z
, (3)

Ľz Ψκmkz = mΨκmkz , Ľz = −i
∂

∂ϕr
. (4)

The wave function in cylindrical coordinates r⊥, ϕr, z is
Ψκmkz(r⊥, ϕr, z, t) = e−i(ωt−kzz) ψκm(r⊥, ϕr) ,

ψκm(r⊥, ϕr) =
eimϕr

√
2π

√
κ Jm(κ r⊥) , (5)

where Jm(x) is the Bessel function. The function ψκm(r⊥, ϕ) may
be expressed as a superposition of plane waves in the xy plane,

ψκm(r⊥, ϕ) =
∫

aκm(k⊥) eik⊥r⊥ d2k⊥
(2π)2

, (6)



where the Fourier amplitude aκm(k⊥) is concentrated on the circle
with k⊥ ≡ |k⊥| = κ,

aκm(k⊥) = (−i)m eimϕk

√
2π

k⊥
δ(k⊥ − κ) . (7)

Therefore, the function Ψκmkz(r⊥, ϕr, z, t) can be regarded as a superposition
of the plane waves with the de�ned longitudinal momentum kz, absolute
value of transverse momentum κ, energy ω =

√
κ2 + k2

z and di�erent
directions of the vector k⊥ given by the angle ϕk.

The wave function of a twisted photon (vector particle) and electrons
can be constructed as a generalization of the scalar wave function.



The vector potential Aµ
κmkzΛ

of the twisted photon is presented as
gm(x, y) = |Aµ

κmkzΛ
(0, x, y,0)|2, which is a function of x and y. The

parameters are µ = 1 (x component), m = 10, κ = 1.
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3. Compton scattering of twisted photons

3.1. Compton scattering of plane-wave photons

The S-matrix element for plane waves is well known

S
(PW)
fi = i (2π)4 δ(4)(p + k − p′ − k′)

Mfi

4
√

E E′ ω ω′
, (8)

where Mfi is the amplitude.

For a head-on collision of a plane-wave laser photon and ultra-
relativistic electron, the �nal photon propagates almost in the
same direction as the momentum of the initial electron with
the typical scattering angles ∼ 1/γe.
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3.2. Compton scattering with the twisted photon in the initial state

Since the twisted photon is a superposition of plane-wave photons,
for the case where the initial photon is twisted m-photon, but the
outgoing one is a plane-wave photon, we have

S
(m)
fi ≡ 〈k′,Λ′; p′, λ′|S|κ, m, kz,Λ; p, λ〉

=
∫ d2k⊥

(2π)2
S

(PW)
fi aκm(k⊥) . (9)

A detailed consideration shows that the corresponding cross section
is given by the standard expression with the only replacement being

x =
4ωE

m2
e
→ 4ωE

m2
e
· cos2(θk/2) , (10)

where θk is the conical angle of the initial photon tan θk = k⊥/|kz|.
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This is important since it proves that the cross section for the

twisted initial photons has no additional smallness

as compare with the ordinary Compton scattering.

This result looks very natural since the initial photon state is nothing
else but a superposition of plane waves with the same absolute
value of their transverse momentums.
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3.3. Compton scattering for twisted photons
in the initial and �nal states

This problem is studied in detail in the papers [1�3]

p

p
′

z

z
′

κ

κ
′

Fig. 6. Initial (red) and �nal (blue) states of the twisted photons for
the head-on Compton backscattering.
We denote the angle between axes z and z′ as 〈θγ〉
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For this case, we consider the realistic case when the pure initial
twisted state ψκm(r, ϕ) is replaced by a wave packet with a de�ned m:

ψκm(r, ϕ) → ψm(r, ϕ) =
∫ ∞
0

f(κ)ψκm(r, ϕ) dκ

We assume the similar smearing for the �nal twisted state ψκ′m′(r, ϕ)

with the weight function g(κ′).



A further consideration shows that the distribution over the �nal
projection m′ is now concentrated near the initial value m:

|m′ −m| . 4〈θγ〉 ω

σ
.

(Note that the right-hand side of this inequality is small for the small
enough angles 〈θγ〉).

As a result, we have proven that if the initial and �nal states
are wave packets, then

�nal orbital helicity m′ stays close to m,

and the �nal κ′ stays close to κ.
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4. Absorption, Photoionization and
Radiative recombination with twisted

photons and electrons
In papers
A. Pic�on et al. Optical Express 18 (2010) 3660
A. Afanasev, C. Carlson, A. Mukheriee. ArXive 1304.0115 and 1305.3650
Ref. [6] H. M. Scholz-Marggraf, S. Fritzsche, V. G. Serbo, A. Afanasev, A. Surzhykov.
Phys. Rev. A 90 (2014) 013425
it was considered the atomic excitation by the twisted photons.
The authors point out several unique possibilities arising due to
non-zero orbital angular momentum of the initial photon.
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In particular, the paper [6] presents a theoretical study of the excitation
of hydrogenlike atoms by twisted light using the non-relativistic �rst-
order perturbation theory.

In this paper, two scenarios in which the Bessel beam collides with
either a well-localized single atom or with randomly distributed
atoms are considered. Detailed calculations have been performed for
the second, more experimentally realistic case.

Calculations performed for the 1s → 2p and 2p → 3d transitions clearly
indicate that sublevel population of excited atoms following ab-
sorption of the twisted photons di�ers much from what is expec-
ted for the standard plane�wave case.
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For example, the linear polarization of the �uorescent photons,
detected under the right angle with respect to the collision (z)-axis,
is usually characterized by the Stokes parameter P1.

In experiment, this parameter is determined simply as
P1 = (I|| − I⊥)/(I|| + I⊥),
where I|| or I⊥ are intensities of light, linearly polarized in parallel or
perpendicular directions respectively to the reaction plane.

In Fig. below we display the polarization P1 of the Lyman�α photons
emitted after the 1s → 2p excitation of neutral hydrogen atoms by
the twisted light.
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Here, one can observe that the parameter P1(θk) changes qualitatively
with the opening angle θk. Within the paraxial regime where θk . 5◦,
for example, P1(θk) is relatively large and negative.

With the increase of the opening angle, P1(θk) �rst vanishes at θk ≈
58◦ and later becomes positive, which indicates that the �uorescence
emission is now predominantly polarized within the plane.

Such a θk�variation of the polarization parameter (??) can
be easily observed experimentally and may provide valuable
information about the interaction of the twisted photon beams
with the atomic ensembles.

28



5. Scattering of twisted electrons on
atoms in the Born approximation

In the paper Ref. [7] G.L. Kotkin, V.G. Serbo, A. Surzhykov we discuss
the elastic scattering of wave packets on the potential �eld and derive
a simple and convenient expression for the number of events
which generalizes the well-known Born approximation for the
case when the initial beam is a wave packet, but not a plane
wave.
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Â ðàáîòå Ref. [8] I.P. Ivanov, V.G. Serbo, A. Surzhykov ìû ðàññìàò-
ðèâàåì ðàññåÿíèå ðåëÿòèâèñòñêîãî çàêðó÷åííîãî ýëåêòðîíà
íà ïîòåíöèàëå Þêàâû è ïîëó÷èëè àíàëèòè÷åñêîå âûðàæå-
íèå äëÿ ñå÷åíèÿ, óñðåäí¼ííîãî ïî ïðèöåëüíûì ïàðàìåòðàì.

À òàê êàê ïîòåíöèàë äëÿ ðåàëüíîãî àòîìà â õîðîøåì ïðèáëèæå-
íèè îïèñûâàåòñÿ ñóïåðïîçèöèåé ïîòåíöèàëîâ Þêàâû, òî íàì óäà-
ëîñü ÷èñëåííî ðàññ÷èòàòü ñîîòâåòñòâóþùåå ñå÷åíèå. Ãðàôèê óã-
ëîâîãî ðàñïðåäåëåíèÿ êîíå÷íûõ ýëåêòðîíîâ ïðåäñòàâëåí íà ðèñ.
äëÿ ïàðàìåòðîâ ïåðâîãî ýòàïà îáñóæäàåìîãî ýêñïåðèìåíòà
â Je�erson Lab.

30





0 60 120 180
Scattering angle (deg)

1

100

10000

1e+06

1e+08

1e+10

D
if

f.
 c

ro
ss

 s
ec

tio
n 

(b
ar

n) Plane wave
Twisted wave

Scattering of twisted electrons (130 keV, θp = 15o) on the Fe atoms



6. CONCLUSION

The main goal of my talk was to demonstrate
that the twisted photons and electrons

may really be used as
a new tool in atomic, nuclear and elementary particles physics
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Thus, twisted particles give us
a new degree of freedom

ORBITAL ANGULAR MOMENTUM

and will provide additional details about

the fundamental light-matter and

electron-matter interactions
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THANK YOU FOR YOUR ATTENTION!
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