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Abstract

Two families of composite black brane solutions: fluxbrane and black brane ones, in the model with
scalar fields and fields of forms is overviewed. The metric of any solution is defined on a manifold
which contains a product of several Ricci-flat “internal” spaces. The solutions are governed by moduli
functions Hs (for fluxbranes) and Hs (for black branes), obeying non-linear differential equations with
certain boundary conditions imposed. The master equations for Hs and Hs are equivalent to Toda-like
equations and depend upon a non-degenerate matrix A which is related to intersection rules of branes.
The functions Hs and Hs, as was conjected earlier, should be polynomials in proper variables if A is a
Cartan matrix for some semisimple finite-dimensional Lie algebra (of rank m). The fluxbrane polynomials
Hs may be obtained from the black brane onesHs in the limit of infinite extremality parameter: µ→ +∞.
On the other hand the fluxbrane polynomials Hs may be used for construction black brane polynomials
Hs. This approach is illustrated by examples of non-extremal electric black p-brane solutions related to
Lie algebras A2, C2 and G2.

PACS numbers: 04.20.Jb; 04.50.+h.

Keywords: fluxbranes, black branes, black holes, Toda chains, Lie algebras, polynomials.

1 Introduction

The motivation for studying multidimensional models of gravitation and cosmology [1, 2, 3]
is quite apparent for several reasons. Indeed, the main trend of modern physics is the
unification of all known fundamental physical interactions: electromagnetic, weak, strong
and gravitational ones, and the main problems are connected with dark matter and dark
energy. Since no self-consistent successful theory of unification is currently available, it is
desirable to study the common features of these theories and their applications to solving
basic problems of modern gravity and cosmology.

Multidimensional gravitational models, as well as scalar-tensor theories of gravity, are
theoretical frameworks for describing possible temporal and range variations of fundamental
physical constants [4, 5, 6, 7]. These variations is another challenge to modern physics. On
applying multidimensional gravitational models to the basic problems of modern cosmology
and black-hole physics, one may hope to find answers to new (the present acceleration of the
universe, dark matter and dark energy problems) and such long-standing problems as the
cosmological constant, non-singular behaviour, stability and nature of fundamental constants
[5, 8], the possible number of extra dimensions, their stable compactification, etc. [9].

In this paper we overview two subclasses of so-called brane solutions. Brane is a physical
object that generalizes the notion of a point particle to higher dimensions. For example, a
point particle is 0-brane, a string is 1-brane, membrane is 2-brane. For p space-like dimen-
sions we get p-branes. An important motivation of considering p-brane solutions is coming
from the unification theory of physical interactions, see [10] and refs. therein.

1e-mail: ivashchuk@mail.ru
3melnikov@phys.msu.ru
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The first subclass contains multidimensional fluxbrane solutions (see [11]-[20], [21] and
references therein). These solutions are in fact generalizations of the well-known Melvin
solution [22]. We remind that the original Melvin solution describes the gravitational field of
a magnetic flux tube. The Melvin solution is currently denoted as F1. In [11, 12] the Melvin
solution was generalized to arbitrary dimensions A term fluxbrane was suggested in [13]. In
[14, 15] Fp-fluxbranes corresponding to fields of forms were considered, e.g. intersecting F6
and F3 fluxbranes corresponding to M -branes in D = 11 supergravity were found [15].

Here we deal with a subclass of generalized fluxbrane solutions from [21]. These fluxbrane
solutions are governed by functions Hs(z) > 0 defined on the interval (0,+∞) and obeying
certain set of second order non-linear differential equations

d

dz

(
z

Hs

d

dz
Hs

)
= Ps

m∏
l=1

H−Asll , (1.1)

with the boundary conditions imposed

Hs(+0) = 1, (1.2)

s = 1, ...,m. Here Ps > 0 for all s and (Asl) is a non-degenerate matrix which governs the
intersection rules of branes.

In [21] a following hypothesis was suggested: the solutions to eqs. (1.1), (1.2) are
polynomials when (Asl) is the Cartan matrix for some finite-dimensional semisimple Lie
algebra G of rank m.

In [23] we have obtained generalized “flux-S-brane” solutions depending on the parameter
w = ±1. For w = +1 these solutions are coinciding with flux-brane solutions from [21]. For
w = −1 they describe special S-brane solutions with Ricci-flat factor spaces. (For general
S-brane configurations see [24] and references therein.)

The second class of solutions contains black brane defined on product manifolds contain-
ing several Ricci-flat factor-spaces. Black brane is a solution to the equations of motion that
generalizes a black hole solution. It is extended in p additional spatial dimensions. Solutions
of such type appear in models with antisymmetric forms and scalar fields [25]-[33]. For black
brane solutions with 1-dimensional factor-spaces (of Euclidean signatures) see [34, 35, 36]
and references therein.

These and more general brane cosmological and spherically symmetric solutions were
obtained by reduction of the field equations to the Lagrange equations corresponding to
Toda-like systems [37, 38].

Here we overview black brane solutions in the model with scalar field and fields of forms,
when certain relations on parameters are imposed. The solutions are governed by a set of
functions Hs, s = 1, ...,m, obeying non-linear differential equations with certain boundary
conditions imposed. These equations depend upon the non-degenerate m×m matrix A. It
was conjectured in [28] that the moduli functions Hs should be polynomials when A is a
Cartan matrix for some semisimple finite-dimensional Lie algebra G of rank m. In this case
we deal with special solutions to open Toda chain equations related to the Lie algebra G
[39, 40] which are integrable in quadratures. The conjecture from [28] was verified for the
Lie algebras Am, Cm+1, m ≥ 1 in [29, 30] by using the solutions to Toda chain equations
corresponding to the Lie algebras Am from [41].

We show that the black brane solutions under consideration may be also found by using
fluxbrane polynomials [21], which may be calculated (in principle) for any (semi)simple finite-
dimensional Lie algebra using MATHEMATICA or MAPLE [42, 43]. A similar approach
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appeared in [44] for special Toda charged black hole solutions corresponding to Lie algebras
Am. Here we illustrate our general approach by applying it to electric black p-brane solutions
related to Lie algebras A2, C2 and G2.

2 The model and ”flux-S-brane” solutions

We consider a model governed by the action

S =

∫
dDx

√
|g|
{
R[g]− hαβgMN∂Mϕ

α∂Nϕ
β −

∑
a∈4

θa
na!

exp[2λa(ϕ)](F a)2
}

(2.1)

where g = gMN(x)dxM ⊗ dxN is a metric, ϕ = (ϕα) ∈ Rl is a vector of scalar fields, (hαβ) is
a constant symmetric non-degenerate l × l matrix (l ∈ N), θa = ±1,

F a = dAa =
1

na!
F a
M1...Mna

dzM1 ∧ . . . ∧ dzMna (2.2)

is a na-form (na ≥ 1), λa is a 1-form on Rl: λa(ϕ) = λaαϕ
α, a ∈ 4, α = 1, . . . , l. In (2.1)

we denote |g| = | det(gMN)|, (F a)2g = F a
M1...Mna

F a
N1...Nna

gM1N1 . . . gMnaNna , a ∈ 4. Here 4 is
some finite set.

Let us consider a family of exact solutions to field equations corresponding to the action
(2.1) and depending on one variable ρ. These solutions are defined on the manifold

M = (0,+∞)×M1 ×M2 × . . .×Mn, (2.3)

where M1 is one-dimensional manifold. The solutions read

g =
(∏
s∈S

H2hsd(Is)/(D−2)
s

){
wdρ⊗ dρ (2.4)

+
(∏
s∈S

H−2hss

)
ρ2g1 +

n∑
i=2

(∏
s∈S

H−2hsδiIss

)
gi
}
,

exp(ϕα) =
∏
s∈S

Hhsχsλαas
s , (2.5)

F a =
∑
s∈S

δaasF
s, (2.6)

where

F s = −Qs

(∏
s′∈S

H−Ass′s′

)
ρdρ ∧ τ(Is), (2.7)

s ∈ Se,

F s = Qsτ(Īs), (2.8)

s ∈ Sm.
Functions Hs(z) > 0, z = ρ2 obey the equations (1.1) with boundary conditions (1.2).
In (2.4) gi = gimini(yi)dy

mi
i ⊗ dy

ni
i is a Ricci-flat metric on Mi, i = 1, . . . , n,

δiI =
∑
j∈I

δij (2.9)
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is the indicator of i belonging to I: δiI = 1 for i ∈ I and δiI = 0 otherwise.
The brane set S is by definition the union of two sets:

S = Se ∪ Sm, Sv = ∪a∈4{a} × {v} × Ωa,v, (2.10)

v = e,m and Ωa,e,Ωa,m ⊂ Ω, where Ω = Ω(n) is the set of all non-empty subsets of {1, . . . , n}.
Any brane index s ∈ S has the form s = (as, vs, Is), where as ∈ 4 is color index, vs = e,m is
electro-magnetic index and the set Is ∈ Ωas,vs describes the location of brane worldvolume.

All branes contain the manifold M1, i.e.

1 ∈ Is, ∀s ∈ S. (2.11)

The sets Se and Sm define electric and magnetic branes correspondingly. In (2.5)

χs = +1,−1 (2.12)

for s ∈ Se, Sm respectively.
In (2.6) forms (2.7) correspond to electric branes and forms (2.8) correspond to magnetic

branes; Qs 6= 0, s ∈ S. In (2.8)

Ī ≡ I0 \ I, I0 = {1, . . . , n}. (2.13)

All manifolds Mi are assumed to be oriented and connected and the volume di-forms

τi ≡
√
|gi(yi)| dy1i ∧ . . . ∧ dy

di
i , (2.14)

and parameters

ε(i) ≡ sign(det(gimini)) = ±1 (2.15)

are well-defined for all i = 1, . . . , n. Here di = dimMi, i = 1, . . . , n, D = 1 +
∑n

i=1 di. For
any I = {i1, . . . , ik} ∈ Ω, i1 < . . . < ik, we denote

τ(I) ≡ τi1 ∧ . . . ∧ τik , d(I) ≡
∑
i∈I

di, (2.16)

and

ε(I) ≡ ε(i1) . . . ε(ik). (2.17)

The parameters hs obey

hs = K−1s , Ks = Bss, (2.18)

where

Bss′ ≡ d(Is ∩ Is′) +
d(Is)d(Is′)

2−D
+ χsχs′λasαλas′βh

αβ, (2.19)

s, s′ ∈ S, with (hαβ) = (hαβ)−1. In (2.5) λαas = hαβλasβ.
The parameters Bss′ are scalar products of certain U s-vectors belonging to Rn+l+1: Bss′ =

(U s, U s′) [37, 33].
Here we assume that

(i) Bss 6= 0, (2.20)
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for all s ∈ S, and

(ii) det(Bss′) 6= 0, (2.21)

i.e. the matrix (Bss′) is a non-degenerate one. In (2.7) another non-degenerate matrix (a
so-called ”quasi-Cartan” matrix) appears

(Ass′) = (2Bss′/Bs′s′) . (2.22)

In (1.1)

Bs = εsKsQ
2
s, (2.23)

s ∈ S, where

εs = ε(Is)θas for vs = e, (2.24)

εs = −ε[g]ε(Is)θas , for vs = m, (2.25)

s ∈ S, ε[g] = sign det(gMN).
Due to (2.7) and (2.8), the dimension of brane worldvolume d(Is) is defined by

d(Is) = nas − 1, d(Is) = D − nas − 1, (2.26)

for s ∈ Se, Sm respectively. For a Sp-brane: p = ps = d(Is)− 1.
Restrictions on brane configurations. The solutions presented above are valid if two

restrictions on the sets of branes are satisfied. These restrictions guarantee the block-diagonal
form of the energy-momentum tensor and the existence of the sigma-model representation
(without additional constraints) [33].

(R1) d(I ∩ J) ≤ d(I)− 2, (2.27)

for any I, J ∈ Ωa,v, I 6= J , a ∈ 4, v = e,m (here d(I) = d(J)).

(R2) d(I ∩ J) 6= 0, (2.28)

for I ∈ Ωa,e and J ∈ Ωa,m, a ∈ 4.
For cylindrically symmetric case

M1 = S1, g1 = dφ⊗ dφ, (2.29)

0 < φ < 2π, and w = +1 we get a family of composite fluxbrane solutions from [21]. It
was imposed in [21] εs > 0 and Ks > 0. In this case all Bs > 0.

The fluxbrane solutions from [21] and similar S-brane solutions from [23] are special
classes of more general solutions from [38]. The simplest “fluxbrane” solution is the Melvin
solution [22] corresponding to the Lie algebra A1 = sl(2).

It was conjectured in [21] that eqs. (1.1), (1.2) have polynomial solutions

Hs(z) = 1 +
ns∑
k=1

P(k)
s zk, (2.30)

where P(k)
s are constants, k = 1, . . . , ns. Here P(ns)

s 6= 0 and ns are defined as follows

ns = 2
m∑
l=1

Asl (2.31)
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s = 1, ...,m. Integer numbers ns > 0 are the components of twice the dual Weyl vector in
the basis of simple co-roots [45]. Here (Asl) = (Asl)

−1.
It was pointed in [21] that the conjecture on polynomial structure of Hs may be verified

for An and Cn Lie algebras along a line as it was done for black brane polynomials in [29, 30].

The substitution of (2.30) into (1.1) gives a chain of relations on parameters P(k)
s and

Ps. The first relation in this chain is

P(1)
s = Ps, (2.32)

s = 1, ...,m.
For a special choice of parameters: Ps = nsP , P > 0, the polynomials have the following

simple form [21]

Hs(z) = (1 + Pz)ns , (2.33)

s = 1, ...,m. This ansatz is a nice tool for verification of general solutions obtained by either
analytical or computer calculations.

In [42, 43] a computational program for calculations of polynomials (using MAPLE)
corresponding to classical series of simple Lie algebras was suggested.

In calculations of P(k)
s the appearance of huge denominators for big k may be avoided

by using new parameters ps instead of Ps
ps = Ps/ns, (2.34)

s = 1, ...,m.

2.1 Examples of polynomials

Here we present certain examples of polynomials corresponding to the Lie algebras A2, C2

and G2.
A1-case. The simplest example occurs in the case of the Lie algebra A1 = sl(2). Here

n1 = 1. We get

H1(z) = 1 + p1z. (2.35)

A2-case. For the Lie algebra A2 = sl(3) with the Cartan matrix

(Ass′) =

(
2 −1
−1 2

)
(2.36)

we have [21] n1 = n2 = 2 and

H1 = 1 + 2p1z + p1p2z
2, (2.37)

H2 = 1 + 2p2z + p1p2z
2. (2.38)

For the Lie algebra C2 = so(5) with the Cartan matrix

(Ass′) =

(
2 −1
−2 2

)
(2.39)

we get from (2.31) n1 = 3 and n2 = 4.
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For fluxbrane polynomials we obtain from [23]

H1 = 1 + 3p1z + 3p1p2z
2 + p21p2z

3, (2.40)

H2 = 1 + 4p2z + 6p1p2z
2 + 4p21p2z

3 + p21p
2
2z

4. (2.41)

For the Lie algebra G2 with the Cartan matrix

(Ass′) =

(
2 −1
−3 2

)
(2.42)

we get from (2.31) n1 = 6 and n2 = 10. The fluxbrane polynomials read [23]

H1 = 1 + 6p1z + 15p1p2z
2 + 20p21p2z

3 + (2.43)

15p31p2z
4 + 6p31p

2
2z

5 + p41p
2
2z

6,

H2 = 1 + 10p2z + 45p1p2z
2 + 120p21p2z

3 + p21p2(135p1 + 75p2)z
4 (2.44)

+252p31p
2
2z

5 + p31p
2
2

(
75p1 + 135p2

)
z6 + 120p41p

3
2z

7

+45p51p
3
2z

8 + 10p61p
3
2z

9 + p61p
4
2z

10.

In all examples presented above the substitution p1 = . . . = pn = P into polynomials
gives us relations (2.33).

In what follows we denote

Hs(z) = Hs(z; p), (2.45)

s = 1, ...,m, where p = (p1, ..., pm).
It should be noted that the set of fluxbrane polynomials for any semisimple Lie algebra

G = G1 ⊕ . . . ⊕ Gk, where all Gi are simple Lie algebras, is just a union of sets of fluxbrane
polynomials, corresponding to G1, ... , Gk, respectively.

3 Black brane solutions

We start with a model governed by the action (2.1)
In [28, 29, 30] we have obtained a family of black brane solutions to the field equations

corresponding to the action (2.1). These solutions were defined on the manifold

M = (R0,+∞)× (M0 = Sd0)× (M1 = R)× . . .×Mn, (3.1)

and have the following form

g =
(∏
s∈S

H2hsd(Is)/(D−2)
s

){
f−1dR⊗ dR +R2g0 (3.2)

−
(∏
s∈S

H−2hss

)
fdt⊗ dt+

n∑
i=2

(∏
s∈S

H−2hsδiIss

)
gi
}
,
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exp(ϕα) =
∏
s∈S

H
hsχsλαas
s , (3.3)

F a =
∑
s∈S

δaasF
s, (3.4)

where f = 1− 2µ/Rd,

F s = − Qs

Rd0

(∏
s′∈S

H
−Ass′
s′

)
dR ∧ τ(Is), s ∈ Se, (3.5)

F s = Qsτ(Īs), s ∈ Sm. (3.6)

Qs 6= 0, s ∈ S, are charge densities, R > R0, R0 = (2µ)1/d > 0 and d = d0 − 1.
In (3.2) g0 is the canonical metric on the unit sphere M0 = Sd0 and gi is a Ricci-flat

metric on Mi, i = 2, . . . , n. We also put M1 = R and g1 = −dt⊗ dt.
As in the fluxbrane case all Is belong to {1, . . . , n}, i.e. all branes do not “live” in M0.

All branes contain the time manifold M1 = R, i.e.

1 ∈ Is, ∀s ∈ S. (3.7)

Forms F s correspond to electric and magnetic branes for s ∈ Se, Sm, respectively.
Here all notations but one (Ī) are the same as in the fluxbrane case. For Ī and τ(Ī) in

(3.6) we denote

Ī = {0, . . . , n} \ I, τ(Ī) = τ0 ∧ τ({1, . . . , n} \ I), (3.8)

where τ0 is the volume form on M0 = Sd0 .
Functions Hs > 0 obey the equations

Rd0
d

dR

[(
1− 2µ

Rd

)
Rd0

Hs

dHs

dR

]
= Bs

∏
s′∈S

H
−Ass′
s′ , (3.9)

with Bs = εsBssQ
2
s and the boundary conditions imposed:

Hs|R=R0+0 = Hs0 ∈ (0,+∞), (3.10)

and

Hs|R=+∞ = 1, (3.11)

s ∈ S.
Here we also impose the following condition

Hs is smooth in (Rε,+∞), (3.12)

s ∈ S, where Rε = (2µ)1/de−ε, ε > 0. Then the metric has a regular horizon at Rd = 2µ and
has an asymptotically flat (2 + d0)-dimensional section.

The Hawking temperature. The Hawking temperature corresponding to the solution
reads

TH =
d

4π(2µ)1/d

∏
s∈S

H−hss0 , (3.13)

where Hs0 are defined in (3.10).
This solution describes a set of charged (by forms) overlapping branes “living” on sub-

manifolds of M1 × . . .×Mn.
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4 Black brane polynomials for semisimple Lie algebras

Now we deal with solutions to second order non-linear differential equations (3.9) which may
be rewritten as follows

d

dz

(
(1− 2µz)

Hs

d

dz
Hs

)
= B̄s

m∏
l=1

H−Asll , (4.1)

where Hs(z) > 0, z = R−d ∈ (0, (2µ)−1) and B̄s = Bs/d
2 6= 0.

Eqs. (3.10) and (3.11) read

Hs((2µ)−1 − 0) = Hs0 ∈ (0,+∞), (4.2)

Hs(+0) = 1, (4.3)

s = 1, ...,m. Here we identify for simplicity S with the set of m = |S| numbers: S =
{1, ...,m}.

The condition (3.12) reads as follows

Hs(z) > 0 is smooth in (0, zε), (4.4)

s = 1, ...,m, where zε = (2µ)−1eεd, ε > 0.
Equations (4.1) are equivalent to Toda-type equations [29, 30].
It was conjectured in [28] that equations (4.1)-(4.3) have polynomial solutions when (Asl)

is a Cartan matrix for some semisimple finite-dimensional Lie algebra G of rank m. In this
case we get

Hs(z) = 1 +
ns∑
k=1

P (k)
s zk, (4.5)

where P
(k)
s are constants, k = 1, . . . , ns; P

(ns)
s 6= 0, and ns are defined in (2.31).

This conjecture was verified for Am and Cm+1 series of Lie algebras in [29, 30]. In the
extremal case (µ = +0) an analogue of this conjecture was suggested (implicitly) in [46].

A1 ⊕ . . . ⊕ A1 -case. The simplest example occurs in the orthogonal case : Bsl =
(U s, U l) = 0, for s 6= l [25, 37] (see also [34, 35, 36] and refs. therein). In this case
(Asl) = diag(2, . . . , 2) is a Cartan matrix for the semisimple Lie algebra A1 ⊕ . . .⊕A1 and

Hs(z) = 1 + Psz, (4.6)

with Ps 6= 0, satisfying Ps(Ps + 2µ) = −B̄s = −εsKsQ
2
s/d

2, s = 1, ...,m.
A2-case. For the Lie algebra G coinciding with A2 = sl(3) we get n1 = n2 = 2 and

Hs = 1 + Psz + P (2)
s z2, (4.7)

where Ps = P
(1)
s and P

(2)
s 6= 0 are constants, s = 1, 2 [28].

The “master” equations (4.1) were integrated (using Maple) in [31, 32] for Lie algebras
C2 and A3, respectively. (For D4-polynomials in the extremal case µ → +0 see [46].)
Recently, in [44] the solutions to master equations were found for Am Lie algebras using the
general solutions to Toda chain equations from [41].
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Special solutions Hs(z) = (1+Psz)bs appeared earlier in [26] and later in [27] in a context
of the so-called block-orthogonal configurations.

From fluxbrane to black brane polynomials. Let us denote f = f(z) = 1 − 2µz.
Then the relations (4.1) may be rewritten as

d

df

(
f

Hs

d

df
Hs

)
= Bs(2µd)−2

m∏
l=1

H−Asll . (4.8)

s = 1, ...,m. These relations could solved by using fluxbrane polynomials Hs(f) = Hs(f ; p),
corresponding to m × m Cartan matrix (Asl), where p = (p1, ..., pm) is the set of reduced
parameters (2.34). Here we impose the restrictions pi 6= 0 for all i instead of pi > 0 from the
previous section.

If we put [47]

Hs(z) = Hs(f(z); p)/Hs(1; p) (4.9)

for all s = 1, ...,m, then the relations (4.8), or, equivalently, (4.1) are satisfied identically if

nsps

m∏
l=1

(Hl(1; p))−Asl = Bs/(2µd)2 = εsKsQ
2
s/(2µd)2, (4.10)

s = 1, ...,m.
Relations (4.10) imply

signps = signBs = εs, (4.11)

s = 1, ...,m.
The boundary conditions (4.2) are valid since

Hs((2µ)−1 − 0) = 1/Hs(1; p) > 0, (4.12)

s = 1, ...,m, and conditions (4.3) are satisfied just due to definition (4.9) (p ∈ D).
Relations (4.12) imply the following formula for the Hawking temperature (3.13)

TH =
d

4π(2µ)1/d

m∏
s=1

(Hs(1; p))hs , (4.13)

5 Examples

Here we illustrate the general approach by considering several examples of charged black
brane (p-brane) solutions corresponding to Lie algebras of rank 2.

Let us consider the gravitational model with two scalar fields and two forms of rank
p+ 2:

S =

∫
dDx

√
|g|
{
R[g]− gMN∂M ~ϕ∂N ~ϕ−

1

2(p+ 2)!

2∑
s=1

exp[2 ~λs~ϕ](F s)2
}
. (5.1)

Here g is a D-dimensional metric, F 1 = dA1 and F 2 = dA2 are (2 + p)-forms; ~ϕ =

(ϕ1, ϕ2) ∈ R2 is a vector of two scalar fields, ~λ1 = (λ1α), ~λ2 = (λ2α) ∈ R2 are dilatonic
coupling vectors.
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In what follows we consider electrically charged black hole solutions defined on the man-
ifold

M = (0,+∞)×M0 ×M1 ×M2 ×M3, (5.2)

where M0 = Sd0 , M1 = R is a one-dimensional (time) manifold of signature (−), Mi is
di-dimensional Ricci-flat manifold, i = 2, 3 and d2 = p.

We put the brane multi-indices corresponding to (1 + p)-forms A1 and A2 as I1 = I2 =
{1, 2}, respectively.

We get from (2.19)

Bss′ = C + ~λs ~λs′ , C =
(D − 3− p)(1 + p)

D − 2
> 0, (5.3)

s, s′ = 1, 2, and

Ks = Bss = C + ~λs
2
> 0, (5.4)

s = 1, 2.
We impose intersection rules (2.22) corresponding to the Lie algebras A2, C2, G2 with

the Cartan matrices

(Ass′) =

(
2 −1
−k 2

)
(5.5)

for k = 1, 2, 3, respectively. For our case these rules are equivalent to the set of two relations:
(i) 2B12 = A12K2 = −K2, (ii) 2B21 = A21K1 = −kK1, which imply (due to B12 = B21)
K2 = kK1, or

~λ2
2

= k ~λ1
2

+ (k − 1)C, (5.6)

while relation (ii) reads

2 ~λ1 ~λ2 = −k ~λ1
2
− (k + 2)C, (5.7)

k = 1, 2, 3.
The set of relations (5.6), (5.7) is equivalent to intersection rules (2.22).
The charged (by forms F 1 and F 2) electric black brane solutions have the following form

(see (3.2)-(3.5))

g =
(
H2h1

1 H2h2
2

)(p+1)/(D−2){
f−1dR⊗ dR +R2g0 (5.8)

H−2h11 H−2h22 (−fdt⊗ dt+ g2) + g3
}
,

exp(ϕα) = Hh1λ1α
1 Hh2λ2α

2 , (5.9)

F 1 =
Q1

Rd0
H−21 H2dt ∧ dR ∧ τ2, (5.10)

F 2 =
Q2

Rd0
H−22 Hk

1dt ∧ dR ∧ τ2, (5.11)

where α = 1, 2 and k = 1, 2, 3 for Lie algebras A2, C2, G2, respectively.
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Here f = 1 − 2µ/Rd, µ > 0, d = d0 − 1, hs = K−1s > 0, Qs 6= 0 (s = 1, 2) are charge
densities, R > R0 = (2µ)1/d, and gi is a Ricci-flat metric on Mi, i = 2, 3.

The moduli functions Hs are given by general prescriptions (4.9) and (4.10):

Hs(z) = γ−1s Hs(f(z); p), γs = Hs(1; p), (5.12)

s = 1, 2, where f(z) = 1 − 2µz and the vector p = (p1, p2) has negative components:
p1 < 0 and p2 < 0, which are related to charge densities Q1, Q2 by formulae

n1p1γ
−2
1 γ2 = −K1Q

2
1/(2µd)2, (5.13)

n2p2γ
−2
2 γk1 = −K2Q

2
2/(2µd)2, (5.14)

k = 1, 2, 3.
The fluxbrane polynomials H1,H2 are given by relations: (i) (2.37), (2.38) for k = 1; (ii)

(2.40), (2.41) for k = 2; and (iii) (2.43), (2.44) for k = 3. The powers of polynomials read:
(n1, n2) = (2, 2), (3, 4), (6, 10) for k = 1, 2, 3, respectively.

For the Hawking temperatures of black branes (k = 1, 2, 3) we get from (4.13)

TH =
d

4π(2µ)1/d

m∏
s=1

γhss . (5.15)

6 Conclusions and discussions

Here we have overviewed two families of composite brane solutions: fluxbrane and black
brane ones, which correspond to semisimple Lie algebras in the models with scalar field
and fields of forms. Intersection rules for branes are given by Cartan matrices for these Lie
algebras. The metric of any solution contains (n−1) Ricci-flat “internal” metrics and certain
restrictions on brane intersections are imposed.

The moduli functions of both type of solutions are given by fluxbrane polynomials which
define special solutions to open Toda chain equations corresponding to semisimple Lie alge-
bras. These polynomials may be calculated (in principle) for any simple or semisimple Lie
algebra, e.g. by using MAPLE or MATHEMATICA. One can use also formal relations for
Am- polynomials which were obtained recently in [44].

Here we have applied our formalism to few examples of charged black brane (p-brane)
solutions related to Lie algebras A2, C2 and G2. Special case of black hole solutions with
p = 0 was considered recently in [47].

It should be noted that usual black brane solutions deal with negative Bs in (1.1) (since
εs < 0 and Bss > 0) and hence polynomial parameters ps should be negative. Fluxbrane
polynomials with negative ps were considered earlier in cosmological (S-brane) solutions
which describe an accelerated expansion of 3-dimensional factor-space [48, 49]. The original
fluxbrane polynomials [21] responsible for fluxbrane solutions have positive parameters ps.
For black brane applications positive ps correspond to positive Bs. This takes place for
a certain family of phantom black brane solutions which may be a subject of a separate
publication. Another topics of interest may be related to analysing PPN parameters (for 4-
dimensional section of the metric [29]) and thermodynamic quantities (Hawking temperature,
entropy etc), written in terms of new parameters ps.
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